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A B S T R A C T   

The 1/N expansion method has been used to investigate the problem of an electron moving in a two-dimensional 
semiconductor quantum ring with an off-center impurity. The energy spectra, magnetization, and magnetic 
susceptibility have been calculated as a function of the magnetic field, impurity position, temperature, and 
quantum ring parameters. Interesting energy-level crossings attributed to QR confinement manifest themselves 
as low-temperature oscillations in the magnetization and magnetic susceptibility curves. On the contrary, the 
presence of impurity at the QR center eliminates these level crossings. This work shows that changing the im
purity position can manipulate the magnetic field value correspondence to these diamagnetic-paramagnetic 
phase transitions.   

1. Introduction 

As a result of nanostructure fabrication methods, carriers can be 
confined in all spatial dimensions, resulting in fully quantized spectra 
for quantum dots (QDs). A quantum ring (QR) was created using the 
same techniques, and the carriers within it were bound by the ring’s 
walls [1]. The QR research area has received much attention due to its 
applications, such as photonic detectors and quantum computing [2]. 

Many theoretical and experimental studies of the electronic, thermal, 
magnetic, and optical properties of QRs have recently been published 
[3–14]. For example, the presence of a magnetic field can influence the 
electronic structure of carriers confined in a low-dimensional system. 
This topic has attracted the interest of researchers [15–20]. Further
more, doped impurities are also crucial in changing the properties of 
nanomaterials [21–34]. 

Various techniques have been used to solve the reduced-dimensional 
Hamiltonian, including the magnetic field effect. The authors of Ref [35] 
used a variational method to study the energy spectra and the magne
tization of a two-electron quantum dot. Their results show that the 
magnetization oscillates due to the presence of a Coulomb potential. The 
effect of dimensionality on the ground state energy of a quantum dot 
system was investigated using the 1/N expansion method [36]. 
Furthermore, the numerical diagonalization method was used to deter
mine the magnetic properties of the quantum dot in the presence of a 
magnetic field [37]. At a low temperature (0.3 K), Schwarz et al. 

experimentally studied the magnetization of a quantum ring, which 
exhibits oscillation behavior [38]. 

This work investigates the effect of an off-center impurity on the QR 
properties. We shall calculate the energy spectra, binding energy (BE), 
magnetization, and magnetic susceptibility of an off-center donor im
purity in a quantum ring system under the presence of an external 
magnetic field. We shall use the shifted 1/N expansion technique to 
solve the quantum ring Hamiltonian. 

2. Theory 

2.1. Model and formulation 

In this work, we considered a 2D-GaAs QR subjected to a magnetic 
field perpendicular to the QR plane. The confinement along the growth 
direction (z-axis) is much stronger, so we don’t consider any excitation 
in that direction. 

The confinement potential of the quantum ring is given by, V(r) =
a1
r2 + a2r2 − V0. The first term in the confinement potential represents the 
repulsive term, the second one is a harmonic oscillator-type potential 
that constrains the electron to the ring, and the final term is V0 =

2 ̅̅̅̅̅̅̅̅̅̅a1a2
√ , the confinement potential has a minimum at R0 =

̅̅̅̅̅̅̅̅̅̅̅̅
a1/a2

4
√

,

with R0 is the average radius of the ring. The potential V(r), for r near 
R0, can be simplified by parabolic form 1

2 m∗ω2
0(r − R0)

2, where ω0 =
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̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
8a2/m∗

√
describes the strength of the transverse confinement, m∗ is the 

effective mass of the electron in the material. 
Moreover, we can control the shape of the confinement potential 

because the width and the radius of the quantum ring can be adjusted 
independently by a suitable choice of a1 and a2 [39]. 

The Hamiltonian of a two-dimensional QR system in the presence of 
off-center donor impurity can be expressed as follows: 

Ĥ =
ℏ

2m∗

(
P +

e
c

A
)2

+
1
2

m∗ω2
0(r − R0)

2
+

1
2
g∗μBBσz −

α e2

∈ | r − ρ |
(1)  

where P (r) indicates the 2D momentum (position) operator of an 
electron with effective mass m* and charge e, A represents the vector 
potential associated with the magnetic field B applied perpendicular to 
the QR plane, ω0 is the confinement strength and R0 is the main radius of 
the QR. The applied magnetic field, B= ∇× A in the z-direction, in
troduces a Zeeman splitting given by 12g

∗μBBσz, where g∗, μB, σz are the 
Lande g factor, Bohr magneton, and the Pauli matrix, respectively. 

The confinement frequency is inversely proportional to the width of 
the ring, as ω0 increases, the ring becomes narrower. 

The last term in the Hamiltonian is due to the presence of the donor 
impurity, where ∈ is the dielectric constant and ρ is the impurity posi
tion vector. 

Using the symmetric gage for vector potential, A= B
2 (-y, x, 0), and 

the impurity location depicted in Fig. 1(a), the Hamiltonian of the sys
tem can be shown as follows: 

Ĥ =
− ℏ2

2m∗
∇2 +

1
2

m ∗ ω2
0(r − R0)

2
+

1
8

m ∗ ω2
cr2 +

1
2

ℏ ωc (Lz + g ∗ Sz)

−
α e2

∈
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2 + d2

√

(2)  

ωc =
eB
m∗ is the cyclotron frequency, Lz is the z-component of the orbital 

angular momentum with eigenvalues mlℏ where ml = 0,±1,±2, and d 
represent the distance between the impurity and the ring center. 

A flat QR can be obtained by droplet molecular-beam epitaxy tech
nique [40], where the impurity is located in the AlGaAs layer to avoid 
electron-impurity collision. 

The shifted 1/N expansion approach was utilized to compute the 
system spectra, and the obtained energies were then used to determine 
the system properties. 

The 1/N method is efficient in the case of a spherical symmetric 
Hamiltonian, and it gives accurate results [41]. As a starting point, using 
the N-dimensional radial Schrodinger equation written as: 

[

−
ℏ

2 m∗

(
d2

dr2 +
N − 1

r
d
dr

)

+
l(l + N − 2)

r2 +V(r)
]

ψ(r) = E ψ(r)

(3)  

Where, 

V(r) =
1
2

m∗ω2
0(r − R0)

2
+

1
8
m∗ω2

cr2 +
1
2
ωc (ml + g∗S) −

α e2

∈
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2 + d2

√ (4) 

For further details, refer to previously published work [42,43]. 

2.2. Binding energy and magnetic properties 

Binding energy (B.E) can be defined as the difference in ground-state 
energy EG between the absence and presence of the impurity, 

B.E = EGα=0 − EGα=1 (5) 

Initially, the energy spectra have been used to calculate the statistical 
average energy as, 

〈E〉 =

∑Nmax
j Ej e− Ej/kBT

∑Nmax
j e− Ej/kBT

(6) 

Where the summation is taken over all the energy spectra of the 
system. 

The magnetization (the magnetic susceptibility) can be obtained by 
finding the first (second) derivative of the average energy of the QR 
system with respect to B, mathematically, 

M(T,ω0,B,R0, d) = −
∂〈E〉
∂B

(7)  

χ(T,ω0,B,R0, d) = −
∂2
〈E〉

∂B2 (8)  

3. Result and discussion 

The previous theory is valid for any material type, but in this work, 
we have considered QR made from, for which the material parameters 
are given by: m∗ = 0.067me, ∈= 12.4, g∗ = − 0.44. 

3.1. Energy spectra 

The energy spectra of a single electron confined in GaAs QR as a 
function of the magnetic field are displayed in Fig. 2. Fig. 2(a) displays 
the well-known Fock-Darwin levels in case (R0 = 0)and without impu
rity (α = 0), which matches the parabolic quantum dot spectra provided 

Fig. 1. (a) the QR scheme in the presence of the off-center impurity. (b) The parabolic confinement potential of QR as a function of radial position r.  
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by (n + |m| + 1)ℏω − ℏ m ωc/2 , where ω =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ω2
0 + ω2

c /4
√

and the spin 
term was neglected. Fig. 2(b) shows the system spectra in the case of R0 
= 15 nm, we can observe interesting level crossings; consequently, m =
0 will no longer be the ground state as the magnetic field increases, 
which is consistent with the experimental results of Ref [44]. 

Fig. 2(c) shows the system spectra in the case of R0 = 20 nm and ℏω0 
= 10 meV. In this figure, we can notice fascinating level crossings 
shifting to lower magnetic field strength; consequently, m = 0 will no 
longer be the ground state as the magnetic field increases. 

Fig. 3(a) shows the influence of impurity on the QR spectra. We can 
see a considerable shift in the ground state m = 0, without level cross
ings, due to electron-impurity coulomb interaction. In Fig. 3(b) and (c), 
the off-center impurity case has been studied for d = 12 nm and d = 20 
nm; we can notice that as d increases, the electron-impurity coulomb 
interaction decreases, so the level crossings shift to lower magnetic field 
strength. 

3.2. Binding energy 

The impurity binding energy is studied in Fig. 4 as a function of the 
quantum ring radius (R0)and the impurity distance (d). In Fig. 4(a), the 
BE is plotted for B = 6T, ℏω0 = 7 meV and different values of d: (0,5,10) 
nm. From this figure, we can conclude that as the radius of the ring 
increases, the electron-impurity repulsion coulomb interaction de
creases, so the BE curves decline. Moreover, we can notice the decrease 
in the BE curves as d increases due to reducing the electron-impurity 
repulsion coulomb interaction. In Fig. 4(b), the BE is plotted for ℏω0 =

7 meV , B = 0 T and two values of the radius, R = 0 nm (quantum dot 
case) and R = 15 nm. This figure shows the decline in BE curves as 
d increases because of the decrease in the electron-impurity repulsion 
coulomb interaction. It can be noticed that the values of BE in the R = 0 
nm case are higher than in the R = 15 nm case. This is because, in the 
case of R = 0 nm, the impurity is centrally above the electron, increasing 
the attraction between them, so the BE values decrease. 

3.3. Statistical energy 

The statistical average energy has been plotted as a function of 
temperature in Fig. 5. The curves show that at low temperatures 
(T < 10K), the electron has a small probability of being in the higher 
states. As a result, 〈E〉 approaches the same value regardless of the in
crease in the levels taken by Eq. (6). For relatively higher temperatures, 
we can conclude that, after examining the convergence up to a tem
perature of 20 K, it is considered sufficient to deal with the value of Nmax 
up to 40 since all the observations in this work are within the range 
(T < 40 K ). 

We have plotted in Fig. 6 the average statistical energy as a function 
of magnetic field strength. In two cases: the presence and absence of the 
donor impurity for ω0= 10meV, T = 0.5 K, and various values of R0 and 
d. We found that in the absence of the donor impurity ( α = 0 ), the 

curve of average statistical energy is smooth as it has no crossing in the 
energy levels when R0 = 0. In contrast, in the case of R0 = 15 nm, cusps 
appear in the curve due to the crossing of the energy levels. In the 
presence of the donor impurity (α = 1), we have displayed the curves of 
the average statistical energy for two values of d, d = 20nm, and d =

Fig. 2. Energy spectra as a function of the applied magnetic field in the absence of the impurity at ℏω0 = 10 meV and various values of R0: (a) R0 = 0 nm, (b) R0 

= 15 nm and (a) R0 = 20 nm. 

A. Shaer et al.                                                                                                                                                                                                                                   



Chemical Physics Impact 6 (2023) 100194

4

50nm. For both curves, we can notice the cusps in the curves. The cusps 
in average statistical energy curves manifest themselves in the magnetic 
properties’ curves. 

3.4. Magnetization and magnetic susceptibility 

In Fig. 7, we have investigated the dependence of the magnetic 
properties (M and χ) on the magnetic field, at ω0= 10meV, T = 0.5 K and 

R0 = 15nm, for both cases: α = 0 and α = 1 and for different values of 
d. In Fig. 7(a), the cusps in the magnetization curves resulting from 
energy levels crossings can be noticed clearly. These cusps in the mag
netic susceptibility curve can be seen in Fig. 7(b). In addition, we can 
notice in both figures, Fig. 7(a) and (b), that as d increases, the electron- 
impurity coulomb interaction decreases, so the levels crossing shifts to 
lower magnetic field strength. As a result, the cusps in the magnetic 
properties curves move to lower B values. 

Fig. 3. Energy spectra as a function of the applied magnetic field for α = 1 at ℏω0 = 10 meV, R0 = 15 nm and various values of d : (a) d = 0 nm, (b) d = 12 nm, and 
(a) d = 20 nm. 

Fig. 4. Impurity Binding energy for ω0 = 7 meV, as a function of (a,) impurity position d, (b) quantum ring radius R.  
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The contour plots of the magnetic susceptibility have been demon
strated in Fig. 8. At T = 1K. The plot shows a diamagnetic-paramagnetic 
transition occurs at B ≈ 6.2T (7.6 T) in the absence (presence) of the 
impurity. For higher temperatures, the transition occurs at the lower 
magnetic field due to the spectral line shape of the magnetic suscepti
bility. The present result is in agreement with a published work [45]. 

To show the effect of the impurity position on the susceptibility, the 

contour plot for χ, as a function of the magnetic field and off-center 
impurity position, is given in Fig. 9. The figure shows the significant 
effect of the impurity position in manipulating the dia-paramagnetic 
phase transition. In the case of the on-center impurity, the ground 
state energy shifts to a lower value, lifting the level crossings, which 
enhances the diamagnetic behavior of the material for all ranges of the 
magnetic field. On the other hand, as the impurity is moved away, the 
shift in the ground state decreases gradually. as a result, the transition 
point moves to a lower magnetic field value. Eventually, it converges to 
the magnetic field value (B ≈ 6.2T), the transition point in the absence 
of impurity, as previously mentioned. 

4. Conclusion 

In this work, we consider the Hamiltonian of a single electron 
moving in a two-dimensional (2D) quantum ring, taking into account 
the presence of an off-center impurity. We have used the shifted 1/N 
expansion method to solve the QR Hamiltonian and find the energy 
spectra as a function of the system parameters. In addition, the 
computed eigenvalues are used to calculate the statistical average en
ergy, binding energy, magnetization, and magnetic susceptibility as a 
function of confinement strength, ring average radius, impurity loca
tion, and temperature. It has been shown that the QR nanostructure 
generates ground-state transitions due to its geometric heterostructure, 
resulting in oscillatory magnetic behavior. Furthermore, the results 
show that energy level crossings depend on the QR radius and impurity 
location, attributed to the attraction-coulomb interaction between the 
confined electron and the donor impurity. 

Moreover, the results explain the dependence of the binding energy 
on the quantum ring radius, impurity position, and the applied magnetic 
field. We have found that the binding energy for the quantum dot 
(R0= 0) is more enhanced than the quantum ring. 

The crossings of the energy levels manifest themselves as oscillations 
in the magnetic properties of the QR system. We can conclude that the 
magnetization and the magnetic susceptibility peak positions depend on 
the QR radius and impurity location. As a result, changing the impurity 
position can manipulate the magnetic field value correspondence to 
these diamagnetic-paramagnetic phase transitions. 

CRediT authorship contribution statement 

Ayham Shaer: Conceptualization, Software, Writing – original draft, 
Visualization. Eshtiaq Hjaz: Investigation, Writing – original draft, 
Writing – review & editing. Mohammad K. Elsaid: Conceptualization, 
Methodology, Supervision. 

Fig. 5. 〈E〉 vs. T for different numbers of states (Nmax).  

Fig. 6. 〈E〉 vs. B for fixed confinement strength and various values of 
α, R0 and d.. 

Fig. 7. The magnetic properties curve as a function of magnetic field strength for ℏω0= 10meV, T = 0.5 K and R0 = 15nm:( a) magnetization as a function of B, (b) 
magnetic susceptibility as a function of B. 

A. Shaer et al.                                                                                                                                                                                                                                   



Chemical Physics Impact 6 (2023) 100194

6

Declaration of Competing Interest 

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

Data availability 

No data was used for the research described in the article. 

References 

[1] R.C. Ashoori, H.L. Stormer, J.S. Weiner, L.N. Pfeiffer, K.W. Baldwin, K.W. West, N- 
electron ground-state energies of a quantum-dot in magnetic-field, Phys. Rev. Lett. 
71 (1993) 613–616. 

[2] D. Loss, D.P. DiVincenzo, Quantum computation with quantum dots, Phys. Rev. A 
57 (1998) 120–126. 

[3] M.M. Al Shorman, F.S. Nammas, H. Haddad, A.A. Shukri, Heat capacity and 
entropy of two electrons quantum dot in a magnetic field with parabolic 
interaction, Chin. J. Phys. 56 (2018) 1057–1063. 

[4] D.A. Baghdasaryan, D.B. Hayrapetyan, E.M. Kazaryan, H.A. Sarkisyan, Thermal 
and magnetic properties of electron gas in toroidal quantum dot, Phys. E Low 
Dimens. Syst. Nanostructures 101 (2018) 1–4. 

[5] J.D. Castano-Yepes, C.F. Ramirez-Gutierrez, H. Correa-Gallego, E.A. Gomez, 
A comparative study on heat capacity, magnetization and magnetic susceptibility 
for a GaAs quantum dot with asymmetric confinement, Phys. E Low Dimens. Syst. 
Nanostructures 103 (2018) 464–470. 

[6] E. Hijaz, M.K. Elsaid, The electronic states and magnetization of coupled AlGaAs/ 
GaAs quantum dots in magnetic fields, Int. J. Mod. Phys. B 32 (2018) 10. 

[7] F.S. Nammas, Thermodynamic properties of two electrons quantum dot with 
harmonic interaction, Phys. A Stat. Mech. Appl. 508 (2018) 187–198. 

[8] S. Sarkar, S. Sarkar, C. Bose, Influence of polarization and self-polarization charges 
on impurity binding energy in spherical quantum dot with parabolic confinement, 
Phys. B Condens. Matter 541 (2018) 75–78. 

[9] J.D. Castano-Yepes, D.A. Amor-Quiroz, C.F. Ramirez-Gutierrez, E.A. Gomez, 
Impact of a topological defect and Rashba spin-orbit interaction on the thermo- 
magnetic and optical properties of a 2D semiconductor quantum dot with Gaussian 
confinement, Phys. E Low Dimens. Syst. Nanostructures 109 (2019) 59–66. 

[10] M. Hul, H.L. Wang, Q. Gong, S.M. Wang, The external electric and magnetic fields 
effect on binding energy of hydrogenic donor impurity in a InGaAsP/InP core-shell 
quantum dot, J. Nanoelectron. Optoelectron. 14 (2019) 1016–1023. 

[11] R. Khordad, B. Vaseghi, Effects temperature, pressure and spin-orbit interaction 
simultaneously on third harmonic generation of wedge-shaped quantum dots, 
Chin. J. Phys. 59 (2019) 473–480. 

[12] S. Pal, M. Ghosh, C.A. Duque, Impurity related optical properties in tuned quantum 
dot/ring systems, Philos. Mag. 99 (2019) 2457–2486. 

[13] H.K. Sharma, A. Boda, B. Boyacioglu, A. Chatterjee, Electronic and magnetic 
properties of a two-electron Gaussian GaAs quantum dot with spin-Zeeman term: a 
study by numerical diagonalization, J. Magn. Magn. Mater. 469 (2019) 171–177. 

[14] R. Khordad, S.A. Mohammadi, Analytical study of absorption threshold frequency 
of tuned quantum dot/ring system, Phys. B Condens. Matter 647 (2022) 414381, 
https://doi.org/10.1016/j.physb.2022.414381. 

[15] B.S. Kandemir, Two interacting electrons in a uniform magnetic field and a 
parabolic potential: the general closed-form solution, J. Math. Phys. 46 (2005) 7. 

[16] N.T.T. Nguyen, F.M. Peeters, Magnetic field dependence of the many-electron 
states in a magnetic quantum dot: the ferromagnetic-antiferromagnetic transition, 
Phys. Rev. B 78 (2008) 13. 

[17] D.S. Kumar, S. Mukhopadhyay, A. Chatterjee, Magnetization and susceptibility of a 
parabolic InAs quantum dot with electron-electron and spin-orbit interactions in 

Fig. 8. (a) χ as a function of B and T for R0 = 15 nm , ℏω0 = 10 meV (a) in the absence of impurity (b) d = 20 nm.  

Fig. 9. χ as a B and d for R0 = 15 nm , ℏω0 = 10 meV and T = 1 K.  

A. Shaer et al.                                                                                                                                                                                                                                   

http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0001
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0001
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0001
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0002
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0002
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0003
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0003
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0003
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0004
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0004
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0004
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0005
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0005
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0005
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0005
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0006
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0006
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0007
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0007
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0008
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0008
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0008
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0009
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0009
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0009
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0009
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0010
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0010
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0010
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0011
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0011
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0011
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0012
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0012
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0013
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0013
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0013
https://doi.org/10.1016/j.physb.2022.414381
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0015
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0015
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0016
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0016
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0016
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0017
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0017


Chemical Physics Impact 6 (2023) 100194

7

the presence of a magnetic field at finite temperature, J. Magn. Magn. Mater. 418 
(2016) 169–174. 

[18] B.D. Hoi, M. Yarmohammadi, Combined effect of the perpendicular magnetic field 
and dilute charged impurity on the electronic phase of bilayer AA-stacked 
hydrogenated graphene, Phys. Lett. A 382 (2018) 3298–3305. 

[19] S. Abuzaid, A. Shaer, M. Elsaid, Combined effects of pressure, temperature, and 
magnetic field on the ground state of donor impurities in a GaAs/AlGaAs quantum 
heterostructure, Int. J. Nano Dimens. 10 (2019) 375–390. 

[20] H.R.R. Sedehi, R. Khordad, Magnetocaloric effect, magnetic susceptibility and 
specific heat of tuned quantum dot/ring systems, Phys. E Low Dimens. Syst. 
Nanostructures 134 (2021) 114886, https://doi.org/10.1016/j. 
physe.2021.114886. 

[21] D.S. Chuu, C.M. Hsiao, W.N. Mei, Hydrogenic impurity states in quantum dots and 
quantum wires, Phys. Rev. B 46 (1992) 3898–3905. 

[22] C. Bose, Binding energy of impurity states in spherical quantum dots with parabolic 
confinement, J. Appl. Phys. 83 (1998) 3089–3091. 

[23] C. Bose, C.K. Sarkar, Effect of a parabolic potential on the impurity binding energy 
in spherical quantum dots, Phys. B Condens. Matter 253 (1998) 238–241. 

[24] A.J. Peter, The effect of hydrostatic pressure on binding energy of impurity states 
in spherical quantum dots, Phys. E Low Dimens. Syst. Nanostructures 28 (2005) 
225–229. 

[25] C.M. Lee, J.Q. Li, W.Y. Ruan, R.L. Chak-Hong, Energy spectra of a magnetic 
quantum ring with an off-center impurity, Commun. Theor. Phys. 45 (2006) 
737–740. 

[26] M. Barati, G. Rezaei, M.R.K. Vahdani, Binding energy of a hydrogenic donor 
impurity in an ellipsoidal finite-potential quantum dot, Phys. Status Solidi B-Basic 
Solid State Phys. 244 (2007) 2605–2610. 

[27] S.S. Li, J.B. Xia, Electronic structure of a hydrogenic acceptor impurity in 
semiconductor nanostructures, Nanoscale Res. Lett. 2 (2007) 554–560. 

[28] S.S. Li, J.B. Xia, Binding energy of a hydrogenic donor impurity in a rectangular 
parallelepiped-shaped quantum dot: quantum confinement and Stark effects, 
J. Appl. Phys. 101 (2007) 6. 

[29] I.F.I. Mikhail, I.M.M. Ismail, Binding energy of an off-centre hydrogenic donor 
impurity in a spherical quantum dot, Phys. Status Solidi B Basic Solid State Phys. 
244 (2007) 3647–3659. 

[30] H. Zhang, L.X. Zhai, X. Wang, C.Y. Zhang, J.J. Liu, Impurity-related electronic 
properties in quantum dots under electric and magnetic fields, Chin. Phys. B 20 
(2011) 6. 

[31] S. Wang, Y. Kang, X.L. Li, Binding energy of the ground and first few excited states 
of hydrogenic donor impurity in a rectangular GaAs quantum dot in the presence of 
electric field, Superlattices Microstruct. 76 (2014) 221–233. 

[32] P. Hosseinpour, A. Soltani-Vala, J. Barvestani, Effect of impurity on the absorption 
of a parabolic quantum dot with including Rashba spin-orbit interaction, Phys. E 
Low Dimens. Syst. Nanostructures 80 (2016) 48–52. 

[33] D. Bejan, Donor impurity-related nonlinear optical rectification in a two- 
dimensional quantum ring under magnetic field, Phys. Lett. A 381 (2017) 
3307–3313. 

[34] R. Khordad, A. Ghanbari, K. Abbasi, A. Ghaffaripour, Harmonic generation of 
tuned quantum dots including impurity effects, J. Comput. Electron. 22 (2022) 
260–265, https://doi.org/10.1007/s10825-022-01985-8. 

[35] A. Shaer, M.K. Elsaid, M. Elhasan, Magnetization of GaAs parabolic quantum dot 
by variation method, J. Phys. Sci. Appl. 6 (2016) 39–46. 

[36] M.K. Elsaid, M.A. Al-Naafa, S. Zugail, Spin singlet-triplet energy splitting in the 
ground state of a quantum dot with a magnetic field: effect of dimensionality, 
J. Comput. Theor. Nanosci. 5 (2008) 677–680. 

[37] M. Elsaid, M. Ali, A. Shaer, The magnetization and magnetic susceptibility of GaAs 
Gaussian quantum dot with donor impurity in a magnetic field, Mod. Phys. Lett. B 
33 (2019) 11. 

[38] M.P. Schwarz, D. Grundler, M. Wilde, C. Heyn, D. Heitmann, Magnetization of 
semiconductor quantum dots, J. Appl. Phys. 91 (2002) 6875–6877. 

[39] L.F.C. Pereira, F.M. Andrade, C. Filgueiras, E.O. Silva, Effects of curvature on the 
electronic states of a two-dimensional mesoscopic ring, Few Body Syst. 63 (2022) 
64, https://doi.org/10.1007/s00601-022-01767-9. 

[40] Y.D. Sibirmovskii, I.S. Vasil’evskii, A.N. Vinichenko, I.S. Eremin, D.M. Zhigunov, 
N.I. Kargin, O.S. Kolentsova, P.A. Martyuk, M.N. Strikhanov, Photoluminescence of 
GaAs/AlGaAs quantum ring arrays, Semiconductors 49 (2015) 638–643. 

[41] I. Al-Hayek, A.S. Sandouqa, Energy and binding energy of donor impurity in 
quantum dot with Gaussian confinement, Superlattices Microstruct. 85 (2015) 
216–225. 

[42] N.S. Yahyah, M.K. Elsaid, A. Shaer, Heat capacity and entropy of Gaussian 
spherical quantum dot in the presence of donor impurity, J. Theor. Appl. Phys. 13 
(2019) 277–288. 

[43] A. Yaseen, A. Shaer, M.K. Elsaid, The magnetic properties of GaAs parabolic 
quantum dot in the presence of donor impurity, magnetic and electric fields, Chin. 
J. Phys. 60 (2019) 598–611. 

[44] A. Lorke, R.J. Luyken, J.M. Garcia, P.M. Petroff, Growth and electronic properties 
of self-organized quantum rings, Jpn. J. Appl. Phys. 1 Regul. Pap. Br. Commun. 
Rev. Pap. 40 (2001) 1857–1859. 

[45] O. Voskoboynikov, Y.M. Li, H.M. Lu, C.F. Shih, C.P. Lee, Energy states and 
magnetization in nanoscale quantum rings, Phys. Rev. B 66 (2002) 6. 

A. Shaer et al.                                                                                                                                                                                                                                   

http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0017
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0017
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0018
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0018
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0018
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0019
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0019
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0019
https://doi.org/10.1016/j.physe.2021.114886
https://doi.org/10.1016/j.physe.2021.114886
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0021
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0021
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0022
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0022
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0023
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0023
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0024
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0024
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0024
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0025
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0025
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0025
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0026
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0026
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0026
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0027
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0027
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0028
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0028
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0028
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0029
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0029
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0029
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0030
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0030
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0030
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0031
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0031
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0031
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0032
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0032
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0032
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0033
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0033
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0033
https://doi.org/10.1007/s10825-022-01985-8
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0035
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0035
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0036
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0036
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0036
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0037
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0037
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0037
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0038
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0038
https://doi.org/10.1007/s00601-022-01767-9
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0040
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0040
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0040
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0041
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0041
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0041
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0042
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0042
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0042
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0043
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0043
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0043
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0044
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0044
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0044
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0045
http://refhub.elsevier.com/S2667-0224(23)00034-8/sbref0045

	The influence of off-centre donor impurity on the tuning of the quantum ring magnetic susceptibility
	1 Introduction
	2 Theory
	2.1 Model and formulation
	2.2 Binding energy and magnetic properties

	3 Result and discussion
	3.1 Energy spectra
	3.2 Binding energy
	3.3 Statistical energy
	3.4 Magnetization and magnetic susceptibility

	4 Conclusion
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Data availability
	References


