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Abstract

This article deals with the mathematical and the numerical aspects of the Fredholm
integral equation of the second kind arising as a result of the heat energy exchange
inside a convex and non-convex enclosure geometries. Some mathematical results con-
cerning the integral operator are presented. The Banach fixed point theorem is used to
guarantee the existence and the uniqueness of the solution of the integral equation. For
the non-convex geometries the visibility function has to be taken into consideration,
then a geometrical algorithm is developed to provide an efficient detection of the sha-
dow zones. For the numerical simulation of the integral equation we use the boundary
element method based on the Galerkin discretization scheme. Some iterative methods
for the discrete radiosity equation are implemented. Several two- and three-dimensional
numerical test cases for convex and non-convex geometries are included. This give con-
crete hints which iterative scheme might be more useful for such practical applications.
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1. Introduction

All bodies at temperature above absolute zero emit energy in a form of elec-
tromagnetic waves. A portion of this energy flux when impinging other bodies is
absorbed. As a result, net energy flux occurs from a body of higher temperature
to a body having lower temperature. This mode of energy transfer is known as
heat radiation. The wavelength range encompassed by thermal radiation is
approximately 0.1–100 lm. Heat radiation is, as each wave propagation
phenomenon, of dual nature. It possesses the continuity properties of electro-
magnetic waves and the corpuscular properties characteristic for photons.

Heat radiation plays a dominant role in engineering and modern technol-
ogy. One of the factors that accounts for the importance of the thermal radi-
ation in some applications is the manner in which radiant emission depends
on temperature. Another characteristic feature of radiation is that it can be
transferred directly from one location to another only when the point can be
seen when looking from another, i.e., it does not lay in the shadow zone.
The presence of shadow zones should be taken into account in heat radiation
calculation. This leads to a rather complex algorithm and long computing
times.

It is evident that almost all phenomena that modelers deal with are governed
by differential equations, however, heat radiation is one of the few phenomena
governed by an integral equation. Due to this nice feature, the idea of using
boundary element method for the solution of radiation problems naturally
arises. Boundary element methods together with other numerical methods
for different types of heat radiation problems have been addressed in
[1–5,12–16,20].

In this present work we focus on the mathematical and the numerical as-
pects of the radiosity equation defined for convex and non-convex enclosure
geometries with diffuse and grey surfaces. The organization of this paper is
as follows:

In Section 2, we derive the heat radiosity equation for convex and non-
convex geometries.

In Section 3, we present some important properties of the integral operator.
In Section 4, the Banach fixed point theorem is used to prove the existence

and the uniqueness of the solution of the radiosity equation.
In Section 5, we discuss the numerical treatment of the integral equation.

This leads us to the boundary element method based on the Galerkin discret-
ization scheme. Moreover, it includes the realization of the visibility function.
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In Section 6, we present four iterative methods, namely: the Picard iteration,
the two- and multi-grid iterations and the conjugate gradient iteration for the
discrete radiosity equation. Several 2D and 3D numerical test problems for the
convex and the non-convex enclosure geometries are considered.

In Section 7, we give some concluding remarks about the numerical results
related to the iterative methods.
2. The formulation of the problem

We consider an enclosure X � Rd ; d ¼ 2; 3 with a diffuse and grey surface C
as shown in Fig. 1. We say that a surface is diffuse as emitter (reflector) if it
emits (reflects) heat uniformly in every direction. For a grey surface the emis-
sivity and reflectivity are independent of the wavelength (color) of the radia-
tion. Thus, only the total intensity of radiation and not its spectrum is
needed in a heat balance model. On C we assume, for simplicity, that the tem-
perature is given.

Under the above assumptions the heat balance on C is given by

R� q0 þ J ¼ 0; ð2:1Þ
where R is the heat brought to the surface by conduction, q0 is the radiation
emitted by the surface C, J is the energy of incoming irradiation on C.

For diffuse and grey surfaces the intensity of emitted radiation has the form

q0 ¼ erT 4 þ .J . ð2:2Þ
The first part of Eq. (2.2) corresponds to the Stefan–Boltzmann radiation law,
with e is the emissivity coefficient (0 < e < 1), r is the Stefan–Boltzmann
Fig. 1. Enclosure geometry.
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constant which has the value 5:669996� 10�8 W
m2 K4, . is the reflection coeffi-

cient with the relation, . = 1 � e for opaque grey surfaces.
Eq. (2.2) with . = 1 � e can be rewritten as

q0 ¼ erT 4 þ ð1� eÞJ . ð2:3Þ
In the case of non-convex geometries, the irradiation on C depends only on the
radiation emitted by different parts of C itself. Consequently, we can write for
any point x 2 C

JðxÞ ¼
Z

C
W �ðx; yÞq0ðyÞV ðx; yÞdCy ; ð2:4Þ

where W*(x,y) is called the view factor between the points x and y of C.
For general enclosure geometries W*(x,y) has the representation [12,20]

W �ðx; yÞ ¼ cos hx � cos hy

c0jx� yjd�1
ð2:5Þ

or equivalently

W �ðx; yÞ ¼ ½ny � ðy � xÞ� � ½nx � ðx� yÞ�
c0jx� yjdþ1

; ð2:6Þ

where c0 = 2 for d = 2 and c0 = p for d = 3.
In this, nx is the inner normal to C at the point x and hx denotes the angle

between nx and x � y, ny and hy are defined analogously. The function V(x,y)
in (2.4) is called the visibility function. More precisely, if the points x and y can
‘‘see each other’’ along a straight line segment that does not intersect C at any
other point, then V(x,y) = 1; otherwise V(x,y) = 0.

Substituting Eq. (2.4) into Eq. (2.3) we obtain for any point x 2 C

q0ðxÞ ¼ eðxÞrT 4ðxÞ þ ð1� eðxÞÞ
Z

C
W ðx; yÞq0ðyÞdCy for x 2 C; ð2:7Þ

where the kernel W(x,y) is given by

W ðx; yÞ ¼ W �ðx; yÞV ðx; yÞ. ð2:8Þ
Since V(x,y) and W*(x,y) are symmetric functions, it follows that W(x,y) is
also symmetric.
3. Properties of the integral operator

Eq. (2.7) is a Fredholm boundary integral equation of the second kind.
We introduce the integral operator eK : L1ðCÞ ! L1ðCÞ with

eKq0ðxÞ :¼
Z

C
W ðx; yÞq0ðyÞdCy for x 2 C; q0 2 L1ðCÞ. ð3:1Þ
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This integral operator has the following properties:

Lemma 1. Let C be a Ljapunow surface in C1,d with d 2 [0,1). Then for any

arbitrary point x 2 C we obtainZ
C

W �ðx; yÞdCy ¼ 1;

where W*(x,y) is given by (2.6).
Proof. First we choose a local coordinate system in the point x 2 C so that
x = (0,0,0) and the plane (n1,n2) is tangent to C in x. Furthermore, we choose
y = (n1,n2, f(n1,n2)) in the neighbourhood of n1 = n2 = 0. Using the assumption
that C 2 C1,d with d 2 [0, 1) together with the Taylor expansion of y in the local
coordinate system and some trivial estimates (see [12]) we get the following
inequalities:

nðxÞ � ðy � xÞ
jy � xj2

�����
����� 6 c1jnajd�1 and

nðyÞ � ðx� yÞ
jx� yj2

�����
����� 6 c2jnajd�1 ð3:2Þ

with a 2 [1,d � 1] and d = 2 or 3. Consequently, one obtains form (3.2)

jW �ðx; yÞj 6 c3jnaj�2ð1�dÞþ3�d ð3:3Þ
with an arbitrary constant c3 and d = 2 or 3. This shows that W*(x,y) is a
weakly singular kernel of type jx � yj�2(1�d) and hence it is integrable.

In order to calculate �CW*(x,y)dCy we use Stoke�s theorem [12,20–22]. For
the following we consider a closed surface C and an arbitrary point
y = (y1,y2,y3) 2 C. At this point the normal to the area A is constructed. Let
the functions P1(y), P2(y) and P3(y) be any twice-differentiable functions of y1,
y2 and y3 and n is the normal. Stoke�s theorem in three dimensions provides the
following relation:Z

oA
ðP 1 dy1þ P 2 dy2þ P 3 dy3Þ

¼
Z

A

oP 3

oy2

� oP 2

oy3

� �
n1ðyÞ þ

oP 1

oy3

� oP 3

oy1

� �
n2ðyÞ þ

op2

oy1

� oP 1

oy2

� �
n3ðyÞ

� �
dA.

ð3:4Þ

Hence this relation can now be applied to express area integrals in view factor
computations in terms of boundary integrals. To this end, we consider the sur-
face C as shown in Fig. 2 and let Cc = Z(x,c) \ C be a small neighbourhood of
the point x and define C* = CnCc.

Here Z(x,c) is a cylinder which is defined by the relation x2
1 þ x2

2 ¼ c2. Since
C* is not independent of x the integral �CW*(x,y)dCy can be expressed as



Fig. 2. Convex case.
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F ðxÞ ¼
Z

C
W �ðx; yÞdCy ¼

Z
Cc

W �ðx; yÞdCy þ
Z

c�
W �ðx; yÞdCy ; ð3:5Þ

where the first integral tends to zero for c! 0 because of the weakly singular
kernel W*(x,y). Hence (3.5) is reduced to

F cðxÞ ¼ lim
c!0

Z
C�

W �ðx; yÞdCy . ð3:6Þ

Since the view factor W*(x,y) is smooth in C* the application of Stoke�s theo-
rem leads to

F cðxÞ ¼ lim
c!0

Z
C�

W �ðx; yÞdCy ¼ lim
c!0

Z
oC�
r �~P ðyÞ � nðyÞdy

¼ lim
c!0

I
oc�

ðP 1 dy1 þ P 2 dy2 þ P 3 dy3Þ; ð3:7Þ

where P1(y), P2(y) and P3(y) are given respectively by

P 1ðyÞ ¼
�n2ðxÞðx3 � y3Þ þ n3ðxÞðx2 � y2Þ

2pjx� yj2
;

P 2ðyÞ ¼
n1ðxÞðx3 � y3Þ � n3ðxÞðx1 � y1Þ

2pjx� yj2
;

P 3ðyÞ ¼
�n1ðxÞðx2 � y2Þ þ n2ðxÞðx1 � y1Þ

2pjx� yj2
.

ð3:8Þ

The normal to the area element is perpendicular to both the x1- and x2-axes
and parallel to the x3-axis. Hence (3.7) becomes
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F cðxÞ ¼
1

2p
lim
c!0

I
oC�

ðx2 � y2Þdy1 � ðx1 � y1Þdy2

jx� yj2

¼ 1

2p
lim
c!0

I
oC�

�y2 dy1 þ y1 dy2

y2
1 þ y2

2 þ y2
3

ð3:9Þ

using the fact that the area element is located at the origin of the coordinate
system. With the help of the relation y2

1 þ y2
2 ¼ c2 we get

F cðxÞ ¼
1

2p
limc!0

I
oC�

1

c2
ð�y2 dy1þ y1 dy2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

:¼I1

þ 1

2p
limc!0

I
oC�

�y2
3ð�y2 dy1þ y1 dy2Þ
ðc2þ y2

3Þc2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
:¼I2

.

ð3:10Þ
Let the boundary of the domain C* be described by the triple (y1,y2, f(y,y2))
then the first integral I1 will be integrated over the circle y2

1 þ y2
2 ¼ c2. Using

the polar coordinates y1 = ccosh and y2 = c sinh one obtains directly

I1 ¼
1

2p
� 1

c2

Z 2p

0

c2 dh ¼ 1.

For the second integral we have y3 = f(y1,y2). Applying Taylor�s expansion it
can easily be shown that I2 = 0. Hence, we have the desired result for convex
enclosure geometriesZ

C
W �ðx; yÞdCy ¼ 1.

Next we have to show that this result holds also for the non-convex case, see
Fig. 3. Therefore we consider the set CnCy, where Cy = {x 2 C jV(x,y) = 1}.

This set consists in general of many disjoint components. For the sake of
simplicity, we take one of these components and denote it by Di. Due to the
discontinuity of the visibility function V(x,y), the Stoke�s theorem cannot be
applied directly for W(x,y), but we write firstZ

C�
W ðx; yÞdCy ¼

Z
C�

W �ðx; yÞdCy �
X

i

Z
Di

r� P xðyÞ � nðyÞdy.

Since the second integral vanishes over the closed surface Di, the assertion
follows directly. h
Lemma 2. Let C be a closed surface of the class C2. Then W*(x,y) in (2.6) is a

bounded kernel, i.e.,

jW �ðx; yÞj 6 eC
with a suitable chosen constant eC .



Fig. 3. Non-convex case.
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Proof. Under the assumption that C � C2 the following requirements are
fulfilled:

1. In every point of the surface exists a tangential plane.
2. If h is the angle between the normals at the points x and y, and r1,2 denotes

the distance between these two points the inequality

jhj < Ar1;2; h 2 ð0; 2pÞ ð3:11Þ
holds, where A is a positive number independent from the choice of the
points x and y.

3. For all points x0 of the surface there exists a fixed number d with the prop-
erty that the point of the surface which is located within the sphere of radius
d around x0, is intersected by a parallel to the normal in x0 at most in one
point.

Let the f-axis be the normal at the surface point x0 and take the two n- and
g-axes to be the tangential plane containing the point x0 such that the three
axes form an orthonormal system. The corresponding unit vectors are denoted
by e1, e2 and e3. As a consequence of the third condition above a part of the
surface which lies inside the Ljapunow sphere takes the form f = W(n,g). The
existence of the tangential plane and its continuous change imply the existence
of the first partial derivatives Wn and Wg which are continuous due to
requirement 2. Assuming that d is sufficiently small, i.e.,

Ad 6 1; ð3:12Þ
so that the angle between the normal at x0 and the normal at any arbitrary
point of the surface which lies inside the sphere does not exceed the value p

2
.

Denoting with r0 the distance jx0 � y0j, so one obtains
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cos h0 P 1� 1

2
h2

0 P 1� 1

2
A2r2

0 >
1

2
. ð3:13Þ

On the other hand we have

1

cos h0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þW2

n þW2
g

q
6 1þ A2r2

0 6 2 ð3:14Þ

and therefore

W2
n þW2

g 6 2A2r2
0 þ A4r2

0. ð3:15Þ

The introduction of the polar coordinates n = .0 cosh, g = .0 sinh leads to

W2
.0 ¼ ðWn cos hþWg sin hÞ2 6 W2

n þW2
g.

Using (3.15) together with the estimate jWj 6
ffiffiffi
3
p

.0 and therefore r0 6 2.0

we get

jW.0
j 6 2

ffiffiffi
3
p

A.0
. ð3:16Þ

Finally, it follows from (3.13) that

1� cos h0 6 2A2.2
0. ð3:17Þ

As a consequence of (3.15) the estimate

j cosðn; e1Þj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

n þW2
g

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þW2

n þW2
g

q 6 jWnj 6
ffiffiffi
3
p

Ar0 ð3:18Þ

holds, where n is the unit vector of the outward normal of C at an arbitrary
point. Analogously we get

j cosðn; e2Þj 6
ffiffiffi
3
p

Ar0 and j cosðn; e3Þj ¼ cos h0. ð3:19Þ
Summarizing the estimates above, we get

jWj 6 c.2
0; j cosðn; e1Þj < c.0; j cosðn; e2Þj 6 c.0; j cosðn; e3ÞjP

1

2
.

ð3:20Þ
From (3.18) it follows:

j cosððx� yÞ; nðxÞÞj ¼ nðxÞ � ðx� yÞ
r1;2

���� ���� 6 Wn 6 D1r1;2 ð3:21Þ

and similarly the estimate

j cosððy � xÞ; nðyÞÞj ¼ nðyÞ � ðy � xÞ
r1;2

���� ���� 6 D1r1;2 ð3:22Þ
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with D1 ¼
ffiffiffi
3
p

A. Therefore we get for the kernel

jW �ðx; yÞj ¼ cosððx� yÞ; nðxÞÞ � cosððy � xÞ; nðyÞÞ
r2

1;2

�����
����� 6 ~c; ð3:23Þ

where ~c ¼ 3A2

p with A ¼ supx;y2C
h

r1;2

	 

. h

Let us remark that in the two-dimensional case for G*(x,y) in (2.6) the
estimate

jW �ðx; yÞj 6 ~cr1;2

holds with some constant ~c.

Lemma 3. For the integral kernel W(x,y) it holds W(x,y) P 0. The mappingeK : LpðCÞ ! LpðCÞ is compact for 1 6 p 61. Furthermore, we get

(a) keKk ¼ 1 in Lp for 1 6 p 61.

(b) The spectral radius .ðeK Þ ¼ 1.
Proof. For the convex case, W*(x,y) is obviously not negative. For the non-
convex case the visibility factor V(x,y) � 0 whenever W*(x,y) < 0, hence
W(x,y) P 0 and, consequently, the integral operator eK is not negative.

From Lemma 1 follows that the kernel W(x,y) is integrable and eK is a
weakly singular integral operator. Hence, the mapping eK : LpðCÞ ! LpðCÞ is
compact. We now estimate the norm of this integral operator eK . For 1 < p <1
and q0 2 Lp(C) we have with 1

p þ 1
q ¼ 1

jeKq0ðxÞj ¼
Z

Cy

W ðx; yÞ
1
pþ1

qq0ðyÞdCy

�����
�����

6

Z
Cy

W ðx; yÞdCy

 !1
q Z

Cy

W ðx; yÞjq0ðyÞj
p dCy

 !1
p

. ð3:24Þ

Since
R

Cy
W ðx; yÞdCy ¼ 1 (see Lemma 1) it follows:

jeKq0ðxÞj 6
Z

Cy

W ðx; yÞjq0ðyÞj
p dCy

 !1
p

. ð3:25Þ

Furthermore we get

keKq0ðxÞk
p
Lp ¼

Z
Cx

jeKq0ðxÞj
p dCx 6

Z
Cy

jq0ðyÞj
p

�
Z

Cx

W ðx; yÞdCx dCy ¼ kq0ðyÞk
p
Lp . ð3:26Þ
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Hence we obtain keKk 6 1 in all spaces Lp, 1 6 p 61. Equality can be
achieved by choosing q0 = 1 which is clearly an eigenvector of eK with eigen-
value 1.

Finally it follows from the fact eK1 ¼ 1 and the Hilbert theorem that the
integral operator eK has an eigenvalue k0 with jk0j ¼ keKk ¼ 1. h
Lemma 4. The integral operator eK is for the convex case, i.e., V(x, y) � 1, a

classical pseudodifferential operator of order a = �2. The kernel of this integral

operator possesses a pseudohomogeneous expansion of the form

W �ðx; yÞ 	 ju� vj�a�2
X
mP0

Wmðx; hÞju� vjm 	 r�a�2
X
mP0

Wmðx; hÞrm. ð3:27Þ

In the two-dimensional (either convex or non-convex) case, the kernel possesses a

pseudohomogeneous expansion of the form

W �ðx; yÞ 	 ðs� s0Þ
X
mP0

CmðxÞðs� s0Þm. ð3:28Þ

In the two-dimensional convex case the integral operator eK is even a pseudo-

differential operator of order �1.
Proof. One can write the kernel of the integral operator eK as a convolution
kernel in a pseudohomogeneous expansion form. In the case when C has a qua-
dratic parameter representation and u = U�1(x) one obtains [19]

y � x ¼ UðvÞ ¼ bv1 þ cv2 þ dv2
1 þ 2ev1v2 þ fv2

2

with vectors b; c; d; e; f 2 R3. For the normal, one has

nðvÞ ¼ U1 � U2

jU1 � U2j
;

where U1 and U2 are given by the parameter representation of C as

U1 ¼
oU
ov1

¼ bþ 2ðv1d þ v2eÞ; U2 ¼
oU
ov2

¼ eþ 2ðv1eþ v2f Þ

and

U1 � U2 ¼ b� cþ 2Q1ðvÞ þ 4Q2ðvÞ
with

Q1ðvÞ ¼ v1ðb� eþ d � cÞ þ v2ðb� f þ e� cÞ;
Q2ðvÞ ¼ v2

1ðd � eÞ þ v1v2ðd � f Þ þ v2
2ðe� f Þ.
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Consequently

ðU1 � U2Þðy � xÞ ¼ v2
1bðd � cÞ þ 2v1v2cðb� eÞ þ v2

2cðb� f Þ.
Using the polar coordinates in the parameter plane v � u = r(cosh, sinh)T we
obtain

nðyÞ � ðy�xÞ¼ r2

jU1�U2j
½bðd�cÞcos2hþ2cðb�eÞcoshsinhþcðb�f Þsin2h�.

ð3:29Þ
Analogously n(x)(x � y) has in u = U�1(x) = 0 an expansion of the form

nðxÞ � ðx� yÞ ¼ �ðb� cÞ
jb� cj r2½dcos2hþ 2e cos h sin hþ f sin2h�. ð3:30Þ

From [19] it holds also

.�4 ¼ jx� yj�4 ¼ r�4
X1
m¼0

ð‘�2�m
2 ðhÞP 3mðcos h; sin hÞÞrm;

where P3m is a homogeneous polynomial of degree 3m and ‘2(h) is given by

‘2ðhÞ ¼ jbj2cos2hþ bc sin h cos hþ jcj2sin2h.

Finally, one obtains for W*(x,y) in (2.6) the expansion

W �ðx; yÞ ¼ jb� cj
4pjU1 � U2j

(
½Lcos2hþ 2M cos h sin hþ Nsin2h�2

�
X1
m¼0

ð‘�2�m
2 P 3mÞðhÞrm

)
; ð3:31Þ

where L, M and N are the coefficients of the second fundamental form defined
by

dðb� cÞ ¼ �ðd � cÞb ¼ � 1

2
jb� cjL;

eðb� cÞ ¼ �ðb� eÞc ¼ � 1

2
jb� cjM ;

f ðb� cÞ ¼ �ðd � f Þc ¼ � 1

2
jb� cjN .

From (3.31) follows that the integral operator eK is for V(x,y) � 1, i.e., for con-
vex C a classical pseudodifferential operator of the order a = �2. The kernel
possesses a pseudohomogeneous expansion of the form

W �ðx; yÞ 	 ju� vj�a�2
X
mP0

Umðx; hÞju� vjm

	 r�a�2
X
mP0

Umðx; hÞrm. � ð3:32Þ
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Lemma 5. Let C be any closed curve of the class C2. Then in the two-dimensional

case eK defines a continuous mapping eK : L2ðCÞ ! H 1ðCÞ if W(x,y) is the kernel

of the radiosity equation as defined in (2.6) and (2.8).
Proof. First let W*(x,y) be defined as in (2.6) and

UðxÞ ¼
Z

C
W �ðx; yÞV ðx; yÞq0ðyÞdCy . ð3:33Þ

Consider the simple case similar to the situation in Fig. 4.
We use the following abbreviations y = y(s), x(i) = x(r(i)) with r(i) = r(i)(r)

for i = 1,2. C+ and C� are open parts with xðr�1Þ; xðr�2Þ 62 Cþ;
C� and xðr�1Þ; xðr�2Þ 2 C

þ
;C
�

.
Choose r(1) in such a way that xðr�1Þ � xðrÞ is for all r�1 2 ðr; rð1ÞÞ no longer

parallel to x(2) � x(r). Then with the help of these abbreviations, Eq. (3.33) can
be expressed as

UðxðrÞÞ ¼
Z xðrð1ÞÞ

xðrð2ÞÞ
W �ðxðrÞ; yðsÞÞq0ðyðsÞÞdCyðsÞ. ð3:34Þ

Applying Leibniz rule of differentiation, one obtains

dUðrÞ
dr

¼
Z xðrð1ÞÞ

xðrð2ÞÞ

dW �ðxðrÞ; yðsÞÞ
dr

� q0ðyðsÞÞdCyðsÞ

þ dxðrð1ÞÞ
dr

� W �ðxðrÞ; xðrð1ÞÞÞ � q0ðxðrð1ÞÞÞ

� dxðrð2ÞÞ
dr

� W �ðxðrÞ; xðrð2ÞÞÞ � q0ðxðrð2ÞÞÞ. ð3:35Þ
Fig. 4. Parametric representation.



162 N. Qatanani, M. Schulz / Appl. Math. Comput. 175 (2006) 149–170
Since the normal at the point x(1) is perpendicular to the straight line between x(r)
and x(2) the kernel W*(x(r),x(r(1))) = 0 and therefore Eq. (3.35) is reduced to

dUðrÞ
dr

¼
Z xðrð1ÞÞ

xðrð2ÞÞ

dW �ðxðrÞ; yðsÞÞ
dr

� q0ðyðsÞÞdCyðsÞ

� dxðrð2ÞÞ
dr

� W �ðxðrÞ; xðrð2ÞÞÞ � q0ðxðrð2ÞÞÞ. ð3:36Þ

For C 2 C2 follows that W*(x(r),y(s)) and dW �

dr ðxðrÞ; yðsÞÞ are continuous
kernels and therefore the integral

I ¼
Z xðrð1ÞÞ

xðrð2ÞÞ

dW �ðxðrÞ; yðsÞÞ
dr

� q0ðyðsÞÞdCyðsÞ for q0ðyðsÞÞ 2 L2ðCÞ

is bounded in L2(C). From the definition of x(2) we obtain

drð2Þ � cosððxð2Þ � xÞ; nðrð2ÞÞÞ
ðjxð2Þ � xðrÞj � jxð1Þ � xðrÞjÞ ¼

dr � cosððx� xð2ÞÞ; nðrÞÞ
jxð1Þ � xðrÞj ð3:37Þ

and since (x � x(2)) and (x � x(1)) are parallel this leads to

drð2Þ

dr
W �ðxðrÞ; xðrð2ÞÞÞ ¼ ðjx

ð2Þ � xðrÞj � jxð1Þ � xðrÞjÞ
jxð1Þ � xðrÞjjxð2Þ � xj

� cos2ððx� xð1ÞÞ; nðrÞÞ. ð3:38Þ

A continuous curve with non-vanishing curvature is also a C-curve [6], i.e.,
there exists constants c0 > 0, c1 > 0 such that for all points on the curve we have

jxðrð1ÞÞ � xðrÞj 6 jrð1Þ � rj 6 c0jxð1Þ � xðrÞj and

j cosððx� xð1ÞÞ; nðrÞÞj 6 c1jrð1Þ � rj.

All together we obtain the estimate

drð2Þ

dr
W �ðxðrÞ; xð2ÞÞ

���� ���� 6 1 � c0 � c2
1jrð1Þ � rj 6 M1 ð3:39Þ

and from Lemma 2 with a constant M0 we know jW*(x(r), x(2))j 6M0. This
leads immediately to the following estimate:

dxðrð2ÞÞ
dr

� W �ðxðrÞ; xðrð2ÞÞÞ � q0ðxðrð2ÞÞÞ
���� ����2

L2ðCÞ

¼
Z

C

drð2Þ

dr
� W �ðxðr; xðrð2ÞÞÞq0ðxðrð2ÞÞÞ

���� ����2dr

6 M1 �M0

Z
C
jq0ðrð2ÞÞj

2 drð2Þ

dr

���� ����dr 6 M1 �M0kq0k
2
L2ðCÞ;

which shows the assertion. h
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Lemma 6. The integral operator A = (I � K) is L2-elliptic. Furthermore A is a

positive definite operator which satisfies the Gårding inequality on C.
Proof. Let the integral operator K be defined as K ¼ ðI � eÞeK , where eK is
given by (3.1). From Lemma 3 it follows that

kKq0kL2ðCÞ 6 ð1� eÞkqokL2ðCÞ. ð3:40Þ

Furthermore, K satisfies the inequality

hKq0; q0iL2ðCÞ 6 ð1� eÞhq0; q0iL2ðCÞ. ð3:41Þ

Eq. (3.41) with A = (I � K) leads to

ehq0; q0iL2ðCÞ 6 hAq0; q0iL2ðCÞ 6 ð2� eÞhq0; q0iL2ðCÞ. ð3:42Þ

Furthermore, A satisfies the Gårding inequality, i.e., for all qo 2 L2(C) and
e P 0 the following holds:

ReðAq0; q0Þ ¼ Re

Z
C

q0Aq0 dCx P ekq0k
2
L2ðCÞ. � ð3:43Þ
4. Existence theorem for the radiosity integral equation

A simple method to prove the existence of the solution of the integral Eq.
(2.7) is the application of Banach�s fixed point theorem. The successive approx-
imation method can be used and the convergence of the Neumann series can be
proved. We want to show first, that the integral operator

K ¼ ð1� eÞeK : LpðCÞ ! LpðCÞ for 1 < p <1

defines a contraction mapping, i.e., there exists a constant 0 6 c < 1 such that

kKq0 � K eq0kLpðCÞ 6 ckq0 � eq0kLpðCÞ ð4:1Þ

holds. From the definition

Kq0 � K eq0 ¼ ð1� eÞ
Z

C
W ðx; yÞ � ðq0ðyÞ � eq0ðyÞÞdCy

and the application of Hölder�s inequality follows:

jKq0 � K eq0 j 6 jð1� eÞj
Z

C
W ðx; yÞdCy

� �1
q

�
Z

C
W ðx; yÞjq0 � eq0 j

p dCy

� �1
p

ð4:2Þ
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with 1
p þ 1

p ¼ 1. Since �CW(x,y)dCy = 1 (see Lemma 1) we get

jKq0 � K eq0 j 6 jð1� eÞj
Z

C
W ðx; yÞjq0ðyÞ � eq0ðyÞj

p dCy

� �1
p

. ð4:3Þ

Then one obtains

kKqo � K eq0k
p
LpðCÞ 6 j1� ejp �

Z
Cy
jq0ðyÞ � eq0ðyÞj

p
Z

Cx

W ðx; yÞdCx dCy ;

so that we finally have

kKqo � K eq0k
p
LpðCÞ 6 jð1� eÞjp � kq0ðyÞ � eq0ðyÞkLpðCÞ.

Due to the inequality 0 < e < 1, for the constant c we get c :¼ j1 � ejp < 1.
Hence the integral operator K is contractive on Lp(C) and the iteration scheme
q0,n+1 = Kq0,n for n = 1,2, . . . is convergent. {q0,n} converges to some q0 in the
space Lp(C), which solves the equation Kq0 = q0 in Lp(C). The uniqueness of
q0 2 Lp(C) follows directly from the contraction of K due to

0 < kq0 � eq0kLpðCÞ ¼ kKq0 � K eq0kLpðCÞ 6 c � kq0 � eq0kLpðCÞ; c < 1.

ð4:4Þ
Consequently we have

ð1� cÞ � kq0 � eq0kLpðCÞ 6 0. ð4:5Þ

Since q0 and eq0 are two fixed points of K with (1 � c) > 0 and kq0 � eq0k > 0,
then Eq. (4.5) implies q0 ¼ eq0 and one gains the assertion.
5. The numerical treatment of the radiosity integral equation

5.1. Boundary element method

For the numerical simulation of the radiosity equation we use the boundary
element method. The weak formulation of (2.7) in L2(C) reads: find q0 2 L2(C)
such that for all u 2 L2(C) there holdsZ

C
q0ðxÞuðxÞdCx ¼ r

Z
C

eT 4ðxÞuðxÞdCx þ
Z

C
ð1� eðxÞÞ

�
Z

C
W ðx; yÞq0ðyÞdCyuðxÞdCx. ð5:1Þ
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We consider a Galerkin–Bubnov formulation and choose bilinear trial and ba-
sis functions /kðk¼l;...;NÞ

with local support Ck � C. Then the Galerkin equations

read: find q0;hðxÞ ¼
PN

i¼1qðiÞ0 /iðxÞ 2 U h such thatXN

i¼1

qðiÞ0

Z
Cj

/iðxÞ/jðxÞdCx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼:Mij

�
XN

i¼1

qðiÞ0

Z
Cj
ð1� eðxÞÞ

Z
Ci

W ðx; yÞ/jðxÞ/iðyÞdCy dCx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼:Sij

¼ r
Z

Cj
eðxÞT 4ðxÞ/jðxÞdCx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼:fj

ð5:2Þ

holds for all j = 1, . . . ,N. We can write (5.2) in the following short form:

Cq0 :¼ ðM � SÞq0 ¼ f ð5:3Þ

using the abbreviations M :¼ (Mij)i,j=1,. . .,N for the mass matrix,
S :¼ (Sij)i,j = 1,. . .,N for the view factor matrix and f = (fj)j=1,. . .,N for the right-
hand side of the discretized equation.

The mass matrix M and the right-hand side f can be either calculated ana-
lytically exact for special geometries or numerical integration is applied. To
keep the numerical integration error small, we handle the weak singularity of
the integral kernel in the case of a non-smooth boundary by employing double
partial integration, see [17,18].

5.2. Realization of the visibility function V(x,y)

The main problem is the efficient detection of the shadow zones to calculate
the visibility function V(x,y) appearing as part of the visibility matrix S for
non-convex enclosures. To reduce the computational effort, in [11] a geometri-
cal algorithm was developed to determine the shadow function in the two-
dimensional case for polygonal domains. This algorithm was transformed to
the 3D-case for an enclosure with polyhedral boundary and consists of the fol-
lowing steps: First we decide whether the geometry is convex or non-convex
using an angle criterium. Then an element-orientated pre-view factor matrix
is calculated to reduce the number of elements we have to deal with in the last
step, the nodewise calculation of the view factors. With this algorithm we ob-
tain reasonable results since less than 5% of all view factors have to be calcu-
lated numerically. For more details see [9,10,18].



Table 1
Solution methods for the unit square

nl Picard Two-grid Multi-grid Cg-Method

Iter.
steps

CPU
time

Iter.
steps

CPU
time

Iter.
steps

CPU
time

Iter
steps

CPU
time

32 12 <1 4 <1 2 <1 14 <1
64 12 <1 4 <1 2 <1 15 <1
128 12 0.87 4 <1 2 <1 17 <1
256 12 3.45 4 1.5 2 <1 17 <1
512 12 13.6 4 6.07 2 2.03 17 <1
1024 12 53.7 4 24.5 2 8.9 17 4.05
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6. Numerical test cases

6.1. Two-dimensional problems

Here we present a two-dimensional convex and non-convex geometries in
order to compare the solution methods for the discrete equation (5.3), namely:
the Picard iteration, the two-grid and multi-grid iterations and the conjugate
gradient iteration. For more details on these iteration methods and their con-
vergence analysis properties see [7,8,12,13,16]. As a convex enclosure we take a
unit square for example and discretize its surface C into n elements. The emis-
sivity coefficient is chosen as e = 0.5, the Stefan–Boltzmann constant has the
value r ¼ 5:67� 10�8 W

m2 K4 and the surface temperature is given by the function
T ðtÞ ¼ 1

2
ðT 1 þ T 2Þ � 1

2
ðT 2 � T 1Þ sin 2pt with T1 = 1000 K and T2 = 2000 K.

Table 1 shows the numerical results for this case. It contains both the number
of iteration steps and the CPU-time in seconds required by each iteration. The
number nl denotes the dimension parameter of the solved problem and l is the
level number.

For a non-convex enclosure geometry we consider the curve shown in Fig. 5.
In this case the visibility function V(x,y) must be taken into account. Using the
same values for e, r and T we obtain Table 2 which shows the numerical results
for the non-convex problem.

6.2. Three-dimensional problem

As three-dimensional non-convex geometry we take an aperture as depicted
below and use a quadrangular discretization of the surface C into 480 elements.
The emissivity coefficient is chosen as e = 0.2 and the temperature source is
T ¼ 500

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1:5� xÞyð0:5� yÞ4

p
K. The error is controlled a posteriori by the

residual. Then the outgoing radiatve flux q0 looks as follows:
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Fig. 5. Non-convex enclosure geometry.

Table 2
Solution methods for the non-convex curve in Fig. 5

nl Picard Two-grid Multi-grid Cg-Method

Iter.
steps

CPU
time

Iter.
steps

CPU
time

Iter.
steps

CPU
time

Iter.
steps

CPU
time

32 14 <1 6 <1 4 <1 18 <1
64 14 <1 6 <1 4 <1 20 <1
128 14 1.4 6 <1 4 <1 23 <1
256 14 5.45 6 2.03 4 1.5 30 <1
512 14 21.2 6 8.4 4 5.8 30 1.8
1024 14 83.8 6 32.8 4 22.3 30 7.3

168 N. Qatanani, M. Schulz / Appl. Math. Comput. 175 (2006) 149–170
7. Conclusions

Throughout the formulation of the problem and due to the presence of the
visibility function V(x,y) which appears as a result of the heat radiation inside
a non-convex enclosure geometries, one sees clearly the influence of this func-
tion on the analysis related to the properties of the integral operator. More-
over, its presence exhibits an extra important feature to the numerical
simulation of the radiosity integral equation. The main problem was the effi-
cient detection of the shadow zones to calculate the visibility function appear-
ing as a part of the visibility matrix S for the non-convex geometries. To
achieve a good numerical results a geometrical algorithm was developed to
determine the shadow function in the two-dimensional case for polygonal
domains and consequently this algorithm was transformed to the three-
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dimensional case for an enclosure with polyhedral boundary. The efficiency of
this algorithm has enabled us to obtain quite reasonable results since less than
5% of all view factors have to be calculated numerically. The numerical results
for the two-dimensional convex and non-convex geometries shown in Tables 1
and 2 respectively illustrate clearly that both the two-grid and the multi-grid
methods require less number of iteration steps in comparison to the other iter-
ations. This demonstrates that one of the characteristic features of the multi-
grid method is its fast convergence. The convergence speed does not deteriorate
when the discretization is refined, where as other classical iterative methods
slow down for decreasing grid size. As a consequence one obtains an acceptable
approximation of the discrete problem at the expense of the computational
work proportional to the number of unknowns, which is also the number of
equations of the system. It is not only the complexity which is optimal, also
the constant of proportionality is so small that other methods can hardly sur-
pass the multi-grid efficiency. In regards to the numerical example on the three-
dimensional non-convex geometry our experience shows that the conjugate
gradient method with preconditioning has turned out to be the most efficient
method for this case.
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