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Abstract

We consider the effect of a magnetic field on the motion of an atomic electron in its orbit. The usual treat-
ment deals with the change in magnetic dipole moment assuming the electron's speed changes but the radius
of its orbit remains unchanged. We derive the change in the magnetic dipole moment allowing both the
speed and the radius to change. The cases of fixed radius on one hand and of fixed speed on the other are

treated as special cases of our general case.
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1. Introduction

Typically, classical electromagnetism predicts a change
in the magnetic dipole moment of an orbital electron
when an external magnetic field is set up normal to the
plane of the electron's orbit [1, 2]. It is usually assumed
that the speed of the electron changes but the radius re-
mains unchanged during the time through which the
magnetic field is changing [3]. This assumption is not
consistent with the effect of perturbation on classical
orbits for Coulomb potentials. Griffiths [3] discussed the
effect of a magnetic field on an atomic orbital and de-
rived the change in the magnetic dipole moment of the
electron keeping the orbital radius unchanged. He also
mentioned (without derivation) that if one assumes con-
stant speed while the radius changes then he would get a
change in the magnetic moment which is twice its mag-
nitude for the case of fixed radius and change in speed.
When an atomic electron is subject to an external mag-
netic field, most authors attribute the speed change to the
additional magnetic force. This justification is confusing
since the students learned that magnetic forces cannot do
work and thus incapable to change the electron's speed.
A more thoughtful idea is to attribute the speed change to

the modified centripetal force and to assert a fixed radius.

Even though there has been considerable interest in the
effect of magnetic field on the motion of an electron
[4-8], but there has been no direct investigation of the
above problem for the general case in which both the
speed and the radius are allowed to change. Therefore in
the present paper we discuss the effect of an external

Copyright © 2011 SciRes.

magnetic field on an atomic orbital electron. In particular,
we derive the change in the electron's magnetic moment
for the general case in which both the speed and the orbit
radius are allowed to change during the time through
which the magnetic field is increasing to its final value.
Our treatment for the general case is motivated not only
by its fundamental importance but its close relation to the
so-called satellite paradox which deals with the effect of
atmospheric drag on a satellite orbit [9-11].

2. An Atomic Electron in a Magnetic Field

Consider an atomic electron that rotates counterclock-
wise with a speed v, in a circular orbit, in the x-y plane,
of radius r,. In practice the period of the electron's mo-
tion T=2z1,/v, is so small that one may assume it
constitutes a steady current:
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and thus its orbital dipole moment is
g=lrrl= —%evoroi )

where —e is the charge of the electron. The electric
force exerted on the electron by the nucleus (of charge
+e) is balanced by the centripetal force,
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where m is the mass of the electron. Now, introduce a
magnetic field in the z direction, of strength B(t),
which, initially zero, increases to B . The form of
B(t) is irrelevant provided that it varies sufficiently
slowly, which means on a time scale long compared to
the electron's orbital period. The magnetic force exerted
on the electron points toward the center and of magni-
tude evB, so the centripetal force must be modified to
accommodate for magnetic force. Thus
2 2
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where we allow both the speed and the radius of the orbit
to change from v, to v and r, to r respectively.
Letting v=v,+Av and r=r,+Ar, Equation (4) reads
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which, with the help of Equation (3), can be written as
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Using binomial expansion to first order in Ar and
Av and neglecting terms containing the product
(Ar)(Av) , Equation (6) yields

2
eBV, (1+ﬂj L [2ﬂ ﬂ] 0

Vo fo Vo o

which, with a further use of binomial expansion for the
left hand side term, gives
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Our result in Equation (8) is the general case which
allows changes in the speed and the radius of the orbit.
Before we proceed further, we need to consider the two
special cases in the following section.

3. Special Cases

Our aim here is utilize our result of Equation (8) for two
special cases: The first deals with fixed orbit (Ar=0)
but v changes and the second deals with fixed speed
(Av=0)but r changes.

3.1. The Fixed Orbit Radius Case

For Ar =0, Equation (8) immediately gives
eBr,
2m

AV =
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which corresponds to a change in the magnetic dipole
moment predicted by Equation (2), namely

2,2
err: B (10)

Au = —%eroAv =-

The above result is the same as that derived by Griffiths
in ref. [3]. This change in magnetic moment corresponds
to a change in the orbital angular momentum, L through

. - e ~ .
the relation = “om L , with the result
m

2
AL=—2Mpz =% g (11)
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One may also derive AL and thus Az by consid-
ering the angular impulse exerted by the induced electric
field which is created during the change of the magnetic
field. Faraday’s law of induction gives an induced elec-

tric field given by

E= _hdB s (12)
2 dt
and thus the torque 7 exerted on the electron is
-\ er’dB.
7T=rx(-eE)=—2—7 13
()= 3

which immediately gives the change in angular momen-
tum, that is

B 2 D 2
AL = [7dt = e 4B %0 g (14)
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Therefore, upon using Au = —ZiAL, one gets the cor-
m

rect change in the magnetic moment given in Equation
(10). It is interesting to calculate the work, W done by the
induced electric field:

W = J'( eE) dS_ejro B4

(15)
er, 1

_ej' —vdB =— B[v0+ Av)
2

where we used for the average speed \7:v0+%Av.

Using the expression for 4z in Equation (2) and that of
Api in Equation (10), the work done takes the form

w =—(ﬁ+%Aﬁj~l§ (16)

Alternatively, one may calculate the change in the kinetic
energy of the electron,

AK =K, - K, =%m(vO +Av)’ —%mvg
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= m(VOAv+%(Av)Zj 17)

which upon the substitution of Av from Equation (9),
u from Equation (2) and Az from Equation (10), the
change in the kinetic energy takes the form

AK :—([1+%Aﬁj-§ (18)

The above result for AK is equal to the work done
given in Equation (17) and thus the work-energy theorem
is verified.

3.2. The Fixed Speed Case

For Av=0, Equation (8) gives
_eBrf
mv,

Ar (19)

and in this case the change in the magnetic moment is
given by

Ap = —%evoAr (20)
which upon using Equation (19) becomes
2.2
Au=-2p 1)
2m

Obviously, our result shows that the magnitude of the
change of the magnetic moment for fixed speed is twice
its magnitude for the fixed radius case. The result in
Equation (21) is what Griffiths claimed in reference [3]
but without any derivation. This change in the magnetic
moment corresponds to a change in the angular momen-
tum, that is

AL = —Z—Aﬁ =er’B (22)
e
Going back to the general case in which both the speed

and the radius are changing, one may rewrite Equation (8)
in the form

Br]
(rOAv +v0Ar) =8 m° —,Av (23)

In the present case, the variation in the magnetic moment
is

Ay:—%e(roAv+voAr) (24)

which upon the use of Equation (23) it becomes

1 (eBr? e’r? 1
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Note that the last term on the right hand-side looks
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like the same as for the fixed radius case. Therefore, us-
ing Equation (9), we get

leZ leZ leZ

Au=-—LB+-—2B=--—2LB8B (26)
2m 4m 4m

The above result is exactly the same as that for the fixed

radius case, and thus it corresponds to the same change

in the angular momentum which is given in Equation

(14).

4. Conclusions

In this work, the effect of an external magnetic field on
an atomic electron has been examined. The usual treat-
ment of this problem assumes (without justification) a
fixed radius for the orbit but allow the electron's speed to
change. In the present paper we considered the general
case in which both the speed and the radius are allowed
to change. We used binomial expansion to first order in
the change of speed and in the change of the radius. The
two special cases for fixed orbit and for fixed speed were
deduced from our general case and in each of these two
cases the change in the magnetic moment and the change
in the angular momentum have been derived. Interest-
ingly, our result for the general case yields a change in
the magnetic moment which is the same as that for the
fixed radius case.
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