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Momentum Conservation in the Aharonov-Casher Effect(*). 
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Summary. - -  In the Aharonov-Casher effect, the neutron exerts a non-vanishing 
force on a static line charge (a charged wire). The reaction of this force is the time 
rate of change of the electromagnetic momentum. 

PACS 03.65.Bz - Foundations, theory of measurement, miscellaneous theories. 
PACS 03.65.Ca - Quantum theory; quantum mechanics: Formalism. 

1. - I n t r o d u c t i o n .  

The Aharonov-Casher (AC) effect[ l]  has been the topic of much discussion over 
the past ten years.  AC showed that  neutrons moving in a plane perpendicular to a line 
charge and passing it on opposite sides will experience no force but a relative 
quantum phase shift occurs. Experimental  and theoretical t rea tment  of this effect has 
been carried out [2-5]. 

The purpose of this paper  is to point out that  the moving neutron does exert  a 
force on the nearby line of charge and the reaction of this force is the time rate of 
change of the electromagnetic momentum. Three  different momenta  are involved in 
the interaction: that of the neutron, the line of charge, and the electromagnetic field. 

2. - F o r c e  e x e r t e d  o n  t h e  l i n e  o f  c h a r g e .  

Consider the problem of a moving neutron in a static electric field. The source of 
this field is a line charge (a charged wire), which is assumed to be rigid and fixed in 
spatial orientation. The magnetic moment of the neutron is parallel to the line charge. 
Let  f '  be the displacement of a fixed point in the body of the source. Le t  r be the 
displacement of the neutron. The interaction energy of the charge source and the 

(*) The author of this paper has agreed to not receive the proofs for correction. 
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neutron is 

(1) h E =  --1 f E ~ ( r , _ r ) . E e x t ( r , _ r , , ) d 3 r ,  ' 
47: 

where E~ is the electric field of the neutron, and E ~  is the static electric field of the 
line charge. 

The force on the line charge is 

(2) F = ---1 V" ~ E ~ ( r '  - r)"Ee~t(r '  - r") d3r ' , 
4r~ J 

In the non-relativistic limit, the electric field of the neutron in the laboratory 
frame is 

(3) En(r '  - r)  = - ( V / C )  • B n ( r '  - r ) ,  

where V is the velocity of the neutron in the laboratory frame and Bn (r' - r) is the 
magnetic field of the neutron at the point r ' .  The substitution of eq. (3) into eq. (4) 
yields 

(4) F- l~v" f VxB.(r'-r).Er 
47~C 

_ _ 1  V"V" I B n ( r '  - r)  X E e x t ( r '  - r " ) d ~ r  ' = 
4~C 

= V " [ V ' P f i e l d ( r  - r " ) ]  = V " [ V ' P f i e l d ( r  - r")] = 

= - [ ( V . V ) P f i e l d  + V X ( V  X Pfie ld)]  = --  [ ( d / d t ) P f i e l d  + V x ( V  x Pf ie ld) ]  �9 

Here we have made use of the expression for the electromagnetic momentum, which 
depends upon the magnetic field of the neutron and the electric field of the charged 
w i r e .  

Now we need to evaluate V x P~ela in the second term on the right-hand side of 
eq. (4). This can be done as follows: The momentum of the electromagnetic field in the 
rest frame of the wire is [6] 

(5)  Pfield = ( 1 / c )  Eext  X !~ , 

where g is the magnetic-dipole moment of the neutron. Thus 

(6)  V • Pfield = ( 1 / C ) V  X Eex  t X St = ( 1 / c ) [ I ~ ' V ] E ~ ,  

Since the magnetic-dipole moment, p, is parallel to the line charge (say the z-axis) and 
E~xt is in the (x, y)-plane, it follows that the right-hand side of eq. (6) vanishes. 
Therefore we have 

(7) V • Pnela = O, 
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and thus eq. (4) reads 

(8) F + (d/dt)P~eld = O. 

We see that  the mechanical force vanishes in the AC effect since V x (V x P~eld) van- 
ishes identically. A similar result  is obtained in the Aharnonov-Bohm (AB) effect [7]. 
There, a recent  resul t  of Zhu and Henneberger[8]  shows that  V x V x P~eld = 0 
because V x P~eld = (e /c)B~t  and Bext = 0 in the region accessible to the electron. 

Therefore, eq. (8) shows that  in the AC effect the force exerted on the line charge 
is just  the negative of the time rate of change of the electromagnetic momentum. If  no 
other forces act on the line charge, then the total momentum of the field plus that  of 
the line charge is conserved. Therefore,  the forces on the field and on the line charge 
constitute an action-reaction pair. 

R E F E R E N C E S  

[1] AHARONOV Y. and CASHER A., Phys. Rev. Lett., 53 (1984) 319. 
[2] KAISER H. et al., Physica B, 151 (1988) 68. 
[3] BALATSKY A. V. and ALTSHULER B. L., Phys. Rev. Lett., 70 (1993) 1678. 
[4] QIAN T. Z. and Su Z. B., Phys. Rev. Lett., 72 (1994) 2311. 
[5] AL-JABER S. M., ZHU X. and HENNEBERGER W. C., Eur. J. Phys., 12 (1991) 268. 
[6] GOLDHABER A. S., Phys. Rev. Lett., 62 (1989) 482. 
[7] AHARONOV Y. and BOHM D., Phys. Rev., 115 (1959) 485. 
[8] ZHU X. and HENNEBERGER W. C., J. Phys. A., 23 (1990) 3983. 


