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Photoionization of a One-Electron
N-Dimensional Atom

Sami M. Al-Jaber?

We consider the photoionization of a one-electron atoriHgimensional space and
derive the total cross-section. It is shown théb) depends strongly on the dimension

N. Thus we emphasize the role of the topological structure of a system on the physical
properties of the system.

1. INTRODUCTION

Nowadays itis well recognized that the concept of dimensions plays an impor-
tantrole intheoretical and mathematical physics. Zstrad). (1994, 1997) discussed
the transformation between a hydrogen atom and a harmonic oscillator of arbitrary
dimensions. Neves and Wotzasek (2000) considered the quantization of a free par-
ticle on anN-dimensional sphere, using the Stuckelberg field-shifting formalism.
Grosche and Steiner (1987) presented a general framework for treating path in-
tegrals on curved manifolds N-dimensional polar coordinates. Periwal (1995),
motivated by studying the strong coupling expansion without perturbation theory,
proposed a formula for continuing physical correlation functions to higher dimen-
sions. Craco and Laad (2000) studied electron energy-loss spectroscopy of strongly
correlated systems in infinite dimensions. Wo'dkiewic (1991) investigated the the-
ory of zero-range potentials in an arbitrary number of dimensions. Shrock and Wu
(2000) presented a formulation for the enumeration of spanning tréédimen-
sions. Al-Jaber (1998a) studied the fine structure ofNfimensional hydrogen
atom. Romeo (1995) offered some insight into the dimensional dependence of
the Wentzel-Kramers Brillouin approximations in connection with hyperspherical
guantum billiards. Al-Jaber (1999) considered Fermi gd¢-@imensional space.
Sophocleous (2000) described a class of discrete symmetriésdomensional
nonlinear wave equations that form, in some cases, cyclic groups of finite order.
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In this contribution we consider photoionization of a one-electron atom in
N-dimensions. So the purpose of this paper is to derive the transition rate of
absorption of radiation by a one-electrirdimensional atom. We also calculate
the cross-section of the photoionization process.

2. THE TRANSITION RATE

Let us consider the ejection of an electron from the ground state of a one-
electronN-dimensional atom, by the absorption of radiation of angular frequency
w, or in other words by the absorption of a photon of endigyThe electric dipole
approximation will be made and this is expected to be accurate if the wavelength
of the radiation is greater than atomic dimensions. The wave function and energy
of the initial (ground) state of thid-dimensional atom are (Al-Jaber, 1998b)
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whereZe is the nuclear chargey is Bohr radius, and we assumed the infinite
nuclear mass approximation. The normalization conségnand the volume of
theN-dimensional unit spher@(N) are given by

47 N 1 12
Po= [(ao(N - 1)) (NN - 2)!}3] ®)
Q(N) = 27N/2/T(N/2). (4)
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The final atomic statb represents a free electron of momentui6y, moving
in the Coulomb field of the nucleus. In the nonrelativistic regime (i®.or
Ep < mc&) we have

Ep = h?KZ/2m. (5)

Assuming thak, is sufficiently large with respect to the binding enefgy|
of the electron, so that the Coulomb interaction with the nucleus can be neglected,
the wave function of the final continuous state is approximated by a plane wave

ik-b-F

\I’b(lzb, )= 1)V

(6)

In the dipole approximation the electric field vectr, is taken to be inde-
pendent of position and the interaction with the atom can be written as

H'(t) = —E - D. (7)
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WhereD is the electric dipole moment of the system dhds the electric field
that satisfies Maxwell's equations and thus has the form
E = Eo(w)? sinK-F — ot + 8), (8)

where¢’is the polarization vector. It follows from the dipole approximation that
the field can be taken to be uniform over the whole atom, and equal to its value at
the nucleus, which we take to be at the origin. Thus

H'(t) = & - DEo(w) sin(wt — §) (9)
Equations (7) and (9) enable us to wrkié(t) as
H/(t) = Ad@=9 4 AT get=d), (10)
whereA is a time-independent operator given by

A= 2—1|s - DEo(w) €°, (11)

and At is its adjoint operator.
The transition probability per unit time (transition rate) is (Bransden and
Joachain, 1990)

2
Wha = FIAﬁalzpb(Ef), (12)
whereE; = E; + hw andpp(Es) is the density of final states. The first-order total
transition rate is thus
_2n E?(w)
T h 4

whered is a solid angle ilN-dimensional space, which is given by (Shimakura,
1992)

po(Er) f c02 6| Bpal?d2, (13)

N-—-2
dQ = [ [(sing))N"""1 do; de. (14)
j=1

In our present case the final states are plane waves, so théEif) d2 dE;
denotes the number of states whose wave vd€tdies within the solid angle 2
and the energy of which is in the intervdl{(, E; + d E;), we have

po(Er) dQdE; = dK; = KN1dK; de, (15)

and thus, using Eq. (5), we obtain

m _
po(Er) = 5 K2 (16)
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It is well known that the intensity of the electromagnetic field is (Griffiths, 1999)
l(w) = —Ceo Eo (). a7

The substitution of Egs. (16) and (17) into Eqg. (13) yields

N—-2
ba = ! |(w)/co§0|6ba|2dsz (18)
3. CROSS-SECTION

The absorption cross-sectieg, for the transition froma to b is defined by
(Bransden and Joechain, 1990)

0ba = (Nwpa) Wha/l (wba), (19)
and using Eq. (18) we see that
Oba = zﬂk'f“*/coszmﬁbaﬁdﬂ (20)
h<ceg
Itis helpful to use the velocity form of the dipole matrix elemént, that is given
by (Bransdena and Joechain, 1990)

ie -«
Dba = P b (22)

which, upon the use of Egs. (1) and (6), becomes

S ieh Ao 7/a0(N—1) Sk T
T (sz(N»l/Zf gimela. @

The integral on the right of Eq. (22) is the Fourier transformg®f©(N-1) and
thus

/eZZ/aO(N ) gk gr = _ 8n(2Z/ag(N — 1)) (23)
[(en)” + T’
Substituting this result in Eq. (22), we get
5, — ieh 1 Ao K 167 Z/ap(N — 1) , (24)
Mo (27)N/2 (Q(N))1/2 [(ao(ﬁz_l))2+kﬂ2

and therefore the cross-section becomes

256732 AZ kY zZ/ag(N —1)2
w) = £0dQ. (25
7= e BT AN (2, ) +k¢]4/C° )
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Itis assumed thatthe energy of the ejected electron is much greater than the binding
energy| E,| of the electron. This implies that

h2k?
— T ho= k2 2mw/h (26)
2m f '

Furthermore, the conditiohw > |E,| implies that, from Eq. (2), we can neglect
(£)? in comparison wittk? . Therefore

20hrt A2 g 22
mo27)N Q(N) T a2(N — 1)

o(w) =

/ cog 6 ds2, (27)

wherea = €?hc/4meq is the fine structure. Let us consider the direction of propa-
gation of radiation as theaxis and the polarization vectett6 be along theXy_;
axis We notice from Eq. (24) thaDy, is in the direction ok which is defined

by the polar anglesi(, 62, ..., n—2, ¢) and we see that they_, component of

k¢ is given by (Grosche and Steiner, 1987)

N-2
Xn_1 =T (H sinej) oSy,

j=1

and thus
N-—2
cogh = (]_[ sir? 9j> COSy. (28)
j=1
The substitution of Eq. (28) into Eq. (27) yields

210 h 42 _ ZZ N-2 .
ma)(ZC:T)ZQA(\ON) If\‘ 8 aS(N — 1)2 / 1_!- SmZ@j COSZ(de. (29)
]:

o(w) =

For an unpolarized photon beam an average must be made over all directions of
the polarization vectar, which implies an average over the égsfactor and this
gives a factor 12. Thus, in that case

29ah7t4A(2) k'f\lf8 72 /

o) = e a2(N — 1)2

N—-2
[] (sinep)N+-1do;dp,  (30)
j=1

where we have used Eq. (14). Using Egs. (3), (4), and (26) and noticing that the
integration over the angle gives a factor of 2, we can write Eq. (30) as

o(3N+10)/2 7 N+2 /oy (0-N)/2
o(w) = 7 @N-10)2 a(ao(N _ 1)) (m_a))
'(N/2 N-2 4
<m0 e e
! i1
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The integral in Eq. (31) can be carried out by using the formula (Boas, 1983)

/ (sing)?P~1dp = B<p, }), (32)
0 2
where B(p, q) is the beta function. Thus
/ (sing;)N*1i d; = B<N_—J+2, 3). 33)
0 2 2

Substituting Eq. (33) into Eq. (31), we obtain

9(3N+10)/2 7 N+2 / p o (10-N)/2
0= o (aw ) ()

r(N/2) —j+21
“IN=DN 2P L H ( ' 2)' (34

It is clear that the total cross-sectioffw) increases withz as ZN+2. Also, it is
noticed that as increases the total cross-sectiolfp) decreases foN < 10 and
increases foN > 10, so that (w) does not change faX = 10. It is instructive
to consider the three-dimensional cabe=£ 3), in this case, Eq. (34) gives us

o () = 1‘2@0{ (%)5 (%)m, (35)

which is the well-known result (Bransden and Joechain, 1990).

4. CONCLUSION

In this paper we have shown that the dimengimf space plays an important
role in determining the physical properties of a system. In particular, we have
studied the photoionization of a one-electron atonNilimensions. The total
cross-section (w) for absorption was derived and it was noticed th@t) depends
strongly onN, especially for th&Z andw dependence. Furthermore, our result for
o (w) reduces to the expected result in three-dimensional space.
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